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The objective of this work is to investigate the thermal conduction phenomena in transversely isotropic geomaterials or
rock-like composites with arbitrary oriented ellipsoı¨dal inhomogeneities of low aspect ratio. Based on the evaluation of the
Green function, we provide here new expressions for the interaction tensor whose knowledge permits to obtain the con-
centration tensor of the polarization ﬁeld used itself to evaluate the eﬀective thermal conductivity tensor by homogeniza-
tion. Some particular cases of the obtained general solution are equally presented, in order to validate the developed
formalism. The obtained results are next used to study the eﬀect of matrix anisotropy, pores systems and microstruc-
ture-related parameters on the overall eﬀective thermal conductivity in transversely isotropic rocks. A two-step homoge-
nization scheme is developed for the prediction of the initial anisotropy eﬀects and to test the ability of the proposed model
in the evaluation of eﬀective thermal conductivity. With the help of an Orientation Distribution Function (ODF) the
anisotropy due to the pore systems is also accounted. Numerical applications and comparisons with available experimental
data are ﬁnally carried out for a partially saturated Opalinus clay and an argillite which are both composed of an argil-
laceous matrix and multiple solid minerals constituents.
 2006 Elsevier Ltd. All rights reserved.
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The study of structure-sensitive properties (e.g. thermal and electrical conductivity, diﬀusivity, permeability)
of heterogeneous media has attracted a good deal of attention since the last century. Consequently, numerous0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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works of Maxwell (1873), Voigt (1928), Stratton (1941), Carslaw and Jaeger (1959), and more recently, Chris-
tensen (1979), Zaoui (1997), Bornert et al. (2001), Torquato (2002) and Milton (2002). A general trend in this
area, which is emphasized by the recent advents in a large variety of industrial and geotechnical applications
involving various classes of porous materials, is given by the requisite of the knowledge of diﬀerent microscopic
physical parameters and phenomena and their direct relationship with the macroscopic behavior they are gov-
erning. In this context, the study of the thermal conductivity occupies a very important place, because it rep-
resents the key problem for the energy transfer. Generally, for matrix-inclusions like materials, the heat
transfer has for origin the temperature diﬀerence between all the subsidiary phases (e.g. solid minerals, pores).
For partially saturated porous media with solid constituents, the exchanged/transferred quantity of heat
depends, among other parameters, on the mineralogic and morphologic or textural related parameters. It is
obvious in the same time that a strong relationship exists between the physical understanding and the math-
ematical modelling of the eﬀective properties. We also note that, in the analysis of porous media, depending on
the considered scale, these materials are considered as being inhomogeneous and homogeneous respectively at
the microscopic and macroscopic levels (see Levin and Markov, 2005). The assumption of the microscopic het-
erogeneity is justiﬁed by the large variety of solid and porous constituents, which has as direct consequence the
randomness of divers physical ﬁelds. Appropriate tools allowing to relate the macroscopic response of a mate-
rial to its microstructural state are the upscaling based homogenization techniques. In the physical context of
such methods, the evaluation of the overall properties can be achieved with the help of the single-inhomoge-
neity boundary problem, which requires the knowledge of the concentration tensor of the polarization ﬁeld,
depending itself of an interaction tensor which can be obtained using the Green functions. For anisotropic
thermal conduction phenomena (which is of interest in this paper) exact closed-form of the interaction tensor
were obtained by Willis (1977) with the help of a Fourier transform-based method. More recently, the Green’s
functions were calculated for anisotropic conduction by Shaﬁro and Kachanov (2000), Levin and Markov
(2004), Chen and Kuo (2005), Kuo and Chen (2005) for materials surrounding elliptical inhomogeneities or
in exponentially graded solids, inﬁnite space, half-space, bimaterials and multilayers.
In this study, use will be made of numerical derived solutions for the Green function in conduction for the
general case of arbitrary oriented ellipsoı¨dal inhomogeneities in a transversely isotropic porous medium. In
developing the present formulation, we ﬁrst apply the Kelvin problem for a heat ﬂux induced in an inﬁnite
homogeneous inhomogeneity, which enters in the deﬁnition of the steady state Green function for an aniso-
tropic medium. The evaluation of the extended Green’s thermal gradients is numerically performed with the
help of the Gaussian integration procedure; this allows to obtain the interaction tensor of the ellipsoı¨dal inclu-
sion, which is next used for the determination of the concentration tensor for a porous material with solid
mineral phases. The obtained solution is further applied in the framework of a two-step homogenization tech-
nique, which is proposed for the evaluation of the overall thermal conductivity tensor in partially saturated
porous media. Use is made at each level of the homogenization on the Mori and Tanaka (1973) technique,
which allows to account the interaction eﬀects between the inhomogeneities (pores at the ﬁrst level and min-
erals at the second one) in the surrounding matrix, and their geometrical characteristics. This is justiﬁed by the
diﬀerent shapes of the inhomogeneities: while the porous (ﬁlled with gas and water) space is composed by ﬂat-
ted elliptical inhomogeneities, the solid minerals such the quartz and calcite grains are spherical in shape. The
output of the ﬁrst homogenization step represents the homogenized clay matrix surrounding the porous
domain, it is used as input data in the second homogenization step where the minerals are incorporated.
An Orientation Distribution Function (ODF) allows simultaneously to account the anisotropy eﬀects due
the pores systems; the numerical integration over the unit sphere permits then to account the contribution
of all families of pores to the eﬀective conductivity. Several particular cases (aligned pores, isotropic distribu-
tion of inhomogeneities) are equally discussed, for the validation of the proposed formalism. The emphasis is
put at each level on the study of the inﬂuence of textural anisotropy and of pore space morphology on the
eﬀective anisotropy of the considered medium. A numerical application on two shales (an argillite and an
opalinus clay) is ﬁnally presented, it allows a quantitative and qualitative evaluation of the predictive capac-
ities for the proposed homogenization methodology.
Notations: Standard tensorial notation will be used throughout. Lower underlined case letters will describe
vectors and bold script capital letters will be associated to second-order tensors. The following vector and
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applies for the repeated indices and Cartesian coordinates are used. As usual, small respectively large charac-
ters refer to microscopic (resp. macroscopic) quantities. The reference conﬁguration corresponds to the nat-
ural state (macroscopic ﬁelds and ﬂuxes equal to zero); d is the second-order identity tensor, it represents
the Kronecker symbol (dij).2. The linear heat conduction problem for the single ellipsoı¨dal inhomogeneity
The uncertainty of random structures like rocks or rock-like composites is linked to the variability of their
morphological and mineralogical constituents. From a practical and theoretical point of view, the challenge
problem in modelling structure-sensitive properties consists to relate the microstructural state to the macro-
scopical behavior of the considered media. It is largely recognized at the present that from a physical point
of view the homogenization techniques are the suitable tools to use in this context. The physical basis they
are oﬀering, and the numerous mathematical similarities with elasticity (see, for example, Norris, 1992, Ber-
ryman, 1997, Levin and Alvarez-Tostado, 2003) or equilibrium properties (e.g. magnetic permeability, see
Karapetian et al., 2002) are justifying themselves their use in modelling the transport properties like thermal
conductivity. In this section we present the basic principle and the developed homogenization methodology;
this will help to prove the very sensitive dependency of the thermal conduction phenomena with respect to the
microstructure and the morphological parameters of heterogeneous media. Consider then a representative vol-
ume element RVE X of a material made up of an inﬁnite homogeneous solid matrix (domain X0 and thermal
conductivity tensor k0) surrounding a domain XI of ellipsoı¨dal inhomogeneities I whose homogeneous thermal
conductivity tensor and volume fraction are denoted respectively kI and uI. The outer boundary oX of the
RVE is submitted to uniform homogeneous thermal gradient conditions. A microscopic thermal gradient ﬁeld
e (disturbance) is generated by a microscopic heat ﬂux vector r (polarization) in the inhomogeneity. Steady
state conditions are supposed for simplicity, advection and adsorption phenomena being neglected. The sta-
tionary thermal conduction problem is written under the following form:divr ¼ 0
r ¼ kðzÞ  e
T ¼ E  z 8z 2 oX
ð1ÞIt is also stated, with z representing the position vector in the RVE, thatkðzÞ ¼ kI 8z 2 XI
kðzÞ ¼ k0 8z 2 X0
ð2ÞThe localization rule relates the microscopic and macroscopic thermal gradient ﬁelds with the help of the con-
centration tensor A (known in elasticity as the Wu tensor, see, for details, Wu, 1966):eðzÞ ¼ AðzÞ  E ð3ÞIntroducing now ha(z)i as the average of any ﬁeld a over the RVE:haðzÞi ¼ 1
X
Z
X
aðzÞdX ð4Þthe macroscopic heat ﬂux can be further deﬁned asR ¼ hrðzÞi ¼ hkðzÞ  eðzÞi ¼ hkðzÞ  AðzÞi  E ¼ khom  E ð5Þ
Thus, using the consistency equation hA(z)i = d and averaging the second-order concentration tensor A of the
domain composed of inclusions, the homogenized thermal conductivity tensor is deﬁned by the relation:khom ¼ k0 þ uIðkI  k0Þ  hAiI ð6Þ
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ilar assumptions:khom ¼
X
r
urhkr  Ari ð7ÞClassically, the localization problem can be solved by taking advantage of the fundamental result of the single-
inhomogeneity problem (Torquato, 2002). The microscopic thermal disturbance resulting from the homoge-
neous thermal gradient E0 undergoing on the RVE for the ellipsoı¨dal inclusion is given byeI ¼ A0I  E0 ð8Þ
where the uniform concentration tensor of the polarization (which is the heat ﬂux vector) in the inhomogeneity
is expressed respectively:A0I ¼ ½dþ P0I  ðkI  k0Þ1 ð9Þ
and depends itself of the symmetric second-order interaction tensor P0I of the inclusion. In elasticity, using a
similar approach, the localization problem is solved with the help of the so-called Eshelby’s inhomogeneity
problem (see Eshelby, 1957) and the similar interaction tensor is known as the Hill tensor (see Hill, 1965).
The only diﬀerence between elasticity and the thermal problem comes from the tensorial order of the interac-
tion tensor which is respectively of fourth and second-order rank. In this paper we generally deal with oblate
or prolate spheroidal inclusions whose half-lengths (centered at the origin O) are denoted respectively a in the
plane z1  z2 and c = ae (the symmetry axis is z3); e deﬁnes the aspect ratio of the ellipsoı¨d. Consequently, an
ellipsoı¨dal inclusion aligned in the principal directions of the rectangular cartesian coordinate system (z1,z2,z3)
is geometrically characterized byz 2 XI () kf  zk 6 1; f ¼ 1a ðe1  e1 þ e2  e2Þ þ
1
ae
e3  e3
z21 þ z22
a2
þ z
2
3
a2e2
6 1
ð10ÞThe interaction tensor P0I for the above given elliptical inclusions is deduced from the following relation:P0I ¼ S0I  ðk0Þ1; ð11Þ
which shows a direct dependance of the uniform concentration tensor of the polarization in the inhomogeneity
with the symmetric second-order depolarization tensor S0I of this one. In the case of an isotropic ellipsoı¨dal
inclusion (of thermal conductivity kI = kId) embedded in an isotropic matrix (with k0 = k0d) the solution of
the single inclusion problem can be expressed using elliptic integrals (see Carslaw and Jaeger, 1959). An alter-
native method (useful especially when dialing with arbitrary oriented inhomogeneities) to obtain the interac-
tion tensor consists to evaluate the Green function G(z  z 0) for an inﬁnite body, which is deﬁning the answer
in the z 0 point (at the outer boundary of the inhomogeneity) of a punctual excitation (the heat ﬂux) localized in
the point z at the distance u = z 0  z (see Torquato, 2002). More precisely, the interaction tensor is related to
the second-order derivatives of the Green’s function by the following expression:P ij ¼  oozj
Z
XI
oGðz z0Þ
ozi
dXz0 ð12ÞAs shown by Stratton (1941) (see also Torquato, 2002), the local polarization and the intensity ﬁelds are both
uniform inside ellipsoı¨dal inclusions, for the single-inhomogeneity problem. We also note that, for arbitrary
oriented inclusions, the Green function is diﬃcult to evaluate analytically, due to the initial anisotropy of
the thermal conductivity tensor, which weights down the calculations. In this paper, the analytical results ob-
tained for an ellipsoı¨dal inclusion with the same symmetry axis as the surrounding transversely isotropic ma-
trix are presented together with the general case of an arbitrary oriented inclusion and the corresponding
numerical solution obtained by performing a numerical Gaussian integration procedure.
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The start point for the evaluation of the interaction tensor is the integral expression deﬁned in Eq. (12). As
stated for example by Willis (1977), the inﬁnite body Green’s function for the thermal conductivity problem in
the general anisotropic case satisﬁes the following equation:divðk  gradGÞ þ dðz z0Þ ¼ 0; z 2 R3
dðz z0Þ ¼ dðz1  z01Þdðz2  z02Þdðz3  z03Þ
ð13Þd(z  z 0) represents the three dimensional Dirac delta function. In an inﬁnite domain one obtains:Gðz; z0Þ ¼ 1
4p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
detðkÞp
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðz z0Þ:j:ðz z0Þp
j ¼ k1 ¼ jijei  ej
ð14ÞBy introducing now the vector u, and the corresponding unit vector ‘, drawn from the point of interest z it
follows:u ¼ z0  z; u ¼ juj ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u21 þ u22 þ u23
q
‘ ¼ ujuj ¼ ‘1e1 þ ‘2e2 þ ‘3e3
ð15ÞIt can be next stated:ðz z0Þ  j  ðz z0Þ ¼ ðz0  zÞ  j  ðz0  zÞ ¼ u  j  u ¼ jijuiuj ð16Þ
In the case presenting interest that we are treating (a transversely isotropic medium of symmetry axis z3), it
follows by the consideration of the previously introduced statements thatk ¼ k0m2ðe1  e1 þ e2  e2Þ þ k0e3  e3; detðkÞ ¼ k30m4
j ¼ 1
k0m2
ðe1  e1 þ e2  e2Þ þ 1k0 e3  e3
jijuiuj ¼ u
2
1 þ u22 þ m2u23
k0m2
ð17Þand the corresponding Green function can be simply expressed thanks to the u vector under the form:GuðuÞ ¼ 1
4pk0m
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u21 þ u22 þ m2u23
p ð18Þ
The components of the gradient vector of the Green function (18) are expressed, in an equivalent manner, asoG
ozi
¼ oGu
oui
oui
ozi
¼  oGu
oui
oG
ozi
¼ 1
4pk0m
ui
ðu21 þ u22 þ m2u23Þ3=2
ði ¼ 1; 2Þ
oG
oz3
¼ m
4pk0
u3
ðu21 þ u22 þ m2u23Þ3=2
ð19ÞNote now that the volume integral (12) can be written as a surface integral expressible itself in terms of the
solid angle dx:dXz0 ¼ dXz0 ðuÞ ¼ dudS ¼ u2 dudx ð20Þ
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Z r
0
Z
R
oGðz z0Þ
ozi
u2 dudx ð21Þwhere R denotes the surface of the unit sphere centered at point z and r(‘) deﬁnes the boundary of an oblate or
prolate spheroid with z3 the symmetry axis and which is centered at the origin of the global coordinates of the
considered media. r(‘) is given by the positive root solution of the equation:ðz1 þ r‘1Þ2 þ ðz2 þ r‘2Þ2
a2
þ ðz3 þ r‘3Þ
2
a2e2
¼ 1 ð22ÞWe have at the present:rð‘Þ ¼  f
g
þ f
2
g2
þ e
g
 1
2
ð23Þwithe ¼ 1 z
2
1 þ z22
a2
þ z
2
3
a2e2
 
f ¼ z1‘1 þ z2‘2
a2
þ z3‘3
a2e2
g ¼ ‘
2
1 þ ‘22
a2
þ ‘
2
3
a2e2
ð24ÞAs proposed by Eshelby (1957), we introduce next the gi(‘) components:gið‘Þ ¼ u2
oG
ozi
ð25Þwhich are forward expressible by considering the relations (15) and (19) asgjð‘Þ ¼
‘j
4pmk0ð‘21 þ ‘22 þ m2‘23Þ
3
2
; j ¼ 1; 2
g3ð‘Þ ¼
m‘3
4pmk0ð‘21 þ ‘22 þ m2‘23Þ
3
2
ð26ÞFinally, the integral (12) becomes:P ij ¼  oozj
Z
R
rð‘Þgið‘Þdx ð27ÞSince gi is odd in ‘ while
f 2
g2 þ eg
 1
2
is even in ‘ it can be next stated thatZ
R
f 2
g2
þ e
g
 1
2
gið‘Þdx ¼ 0 ð28ÞCombining now relations (23), (27) and (28) we obtain:P ij ¼ oozj
Z
R
f
g
gið‘Þdx ¼
Z
R
of
ozj
gið‘Þ
g
dx
of
ozj
¼ ‘j
a2
ðj ¼ 1; 2Þ; of
oz3
¼ ‘3
a2e2
ð29Þwith the solid angle dx and the unit vector ‘ deﬁned in spherical coordinates under the following form:dx ¼ sinwdwdf; w 2 ½0; p; f 2 ½0; 2p
‘1 ¼ sinw cos f; ‘2 ¼ sinw sin f; ‘3 ¼ cos f
ð30Þ
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tion tensor P and the corresponding depolarization tensor S (which is denoted A* in Torquato, 2002, p. 441)
are related by the expression:Sij ¼ P ikkkj ð31Þwhich can be written equivalently asP ¼ Q
k0m2
ðe1  e1 þ e2  e2Þ þ 1 2Qk0 e3  e3
S ¼ Qðe1  e1 þ e2  e2Þ þ tð1 2QÞe3  e3
ð32Þand whereQ ¼
1
2
1þ 1m2e21 1
arctan
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1m2e2
pð Þﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1m2e2
p
  
if me < 1
1
3
if me ¼ 1
1
2
1þ 1m2e21 1
ln meþ
ﬃﬃﬃﬃﬃﬃﬃﬃ
m2e21
p
me
ﬃﬃﬃﬃﬃﬃﬃﬃ
m2e21
p
 
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
m2e21
p
0
@
1
A
0
@
1
A if me > 1
8>>>><
>>>>:
ð33ÞAs expected, the second-order tensors P, S and k present transverse isotropic symmetry. The particular case of
the isotropic medium is recovered by setting m = 1 in relation (33) [see Torquato, 2002, p. 441, or Carslaw and
Jaeger, 1959, p. 406 for the corresponding solution]. Another interesting limiting case is the one of a spherical
inclusion embedded in a transversely isotropic medium; it is obtained by setting e = 1 in the same relation (33).
A last limit case of interest concerns the penny shaped inclusion, it is obtained by developing expressions (33)
at the ﬁrst order in terms of the aspect ratio e at the point e = 0Qpenny shaped ¼ pme
4
Ppenny shaped ¼ pe
4k0m
ðe1  e1 þ e2  e2Þ þ 1k0 
pem
2k0
 
e3  e3
ð34ÞRelations (34) agree with those obtained by Willis (1977) by using the Fourier transform-based method. The
limiting case of a disk can be now deduced by setting e! 0, which implies Q! 0 in the previous relations (34)Pdisk ¼ 1
k0
e3  e3; Sdisk ¼ e3  e3 ð35Þ4. Solution for an arbitrary oriented ellipsoı¨dal inclusion
In this section, we consider the case of an ellipsoı¨dal inclusion of arbitrary orientation. Let us ﬁrst introduce
the rotation matrix between the global coordinates zi associated to the matrix (z3 is the symmetry axis of the
transversely isotropic media) and the local coordinates zai deﬁning a local frame associated to an arbitrary ori-
entated inclusion (za3 is the symmetry axis of the inhomogeneity). The second-order orthogonal tensor Q
a helps
to transfer the components of the global frame (z1,z2,z3) in the a-coordinates. The unit vector in the zai direc-
tion is denoted by eai , so it can be stated:eai ¼ Qaijej ðj; i ¼ 1; 2; 3Þ; ek ¼ Rakleal ðk; l ¼ 1; 2; 3Þ ð36Þ
where Qa is introduced following the proposition of Nemat-Nasser and Hori (1993, p. 124); it represents the
rotation matrix and it’s inverse Ra is expressed asRakl ¼ Qalk ð37Þ
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ua
1 axis is ua (0 6 ua 6 2p) and the angle between the z3 and the zha3 axis is ha
(0 6 ha 6 p); it follows:Qah ¼
1 0 0
0 cosðhaÞ  sinðhaÞ
0 sinðhaÞ cosðhaÞ
0
B@
1
CA; Qaua ¼
cosðuaÞ  sinðuaÞ 0
sinðuaÞ cosðuaÞ 0
0 0 1
0
B@
1
CA
Qa ¼ Qaha :Qaua ¼
cosðuaÞ  sinðuaÞ 0
cosðhaÞ sinðuaÞ cosðhaÞ cosðuaÞ  sinðhaÞ
sinðhaÞ sinðuaÞ cosðuaÞ sinðhaÞ cosðhaÞ
0
B@
1
CA
ð38Þand thenea1 ¼ cosðuaÞe1  sinðuaÞe2
ea2 ¼ cosðhaÞ sinðuaÞe1 þ cosðhaÞ cosðuaÞe2  sinðhaÞe3
ea3 ¼ sinðhaÞ sinðuaÞe1 þ cosðuaÞ sinðhaÞe2 þ cosðhaÞe3
ð39ÞBy using the transformation rules (36) it can also be stated:kakl ¼ RaikRajlkij ¼ QakiQaljkij; jakl ¼ QakiQaljjij ð40Þ
allowing the transversely isotropic conductivity tensor k and it’s inverse tensor j in zi coordinate (relations
(17)) to be written in the local coordinates a ask ¼ ka11ea1  ea1 þ ka22ea2  ea2 þ ka33ea3  ea3 þ ka23ðea2  ea3 þ ea3  ea2Þ
j ¼ ja11ea1  ea1 þ ja22ea2  ea2 þ ja33ea3  ea3 þ ja23ðea2  ea3 þ ea3  ea2Þ
ka11 ¼ k0m2; ka22 ¼
k0ð1þ m2  ð1 m2Þ cosð2haÞÞ
2
ka33 ¼
k0ð1þ m2 þ ð1 m2Þ cosð2haÞÞ
2
; ka23 ¼ 
k0ð1 m2Þ sinð2haÞ
2
ja11 ¼
1
k0m2
; ja22 ¼
1þ m2  ð1 m2Þ cosð2haÞ
2k0m2
ja33 ¼
1þ m2 þ ð1 m2Þ cosð2haÞ
2k0m2
; ja23 ¼ 
ð1 m2Þ sinð2haÞ
2k0m2
ð41ÞThe calculations in the local coordinates a are similar to those presented in the previous section, they are per-
formed by replacing the vector components zi, z0i, ui and the tensor components kij, jij by the corresponding z
a
i ,
z0ai , u
a
i and k
a
ij, j
a
ij terms. A supplementary diﬃculty, in the local frame of the inhomogeneity, is due to the non-
diagonal tensor jaij; this weights down the analytical evaluation of the Green function and gradient vector
which have respectively more terms and depend on the ha angle. In what follows, we only detail the calculation
of the Green function and the one of the gradient vector. By taking into account the expressions (41) one
obtains:jaiju
a
i u
a
j ¼
2ðua1Þ2 þ ð1þ m2Þððua2Þ2 þ ðua3Þ2Þ
2k0m2
þ ð1 m
2Þððua2  ua3Þðua2 þ ua3Þ cosð2haÞ  2ua2ua3 sinð2haÞÞ
2k0m2
ð42ÞThe corresponding Green function can be expressed asGauðuaÞ ¼
1
2
ﬃﬃﬃ
2
p
pk0m
1
ra
ð43Þwithra ¼ ð2ðua1Þ2 þ ð1þ m2Þððua2Þ2 þ ðua3Þ2Þ þ ð1 m2Þððua2  ua3Þðua2 þ ua3Þ cosð2haÞ  2ua2ua3 sinð2haÞÞÞ1=2 ð44Þ
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oGa
ozai
¼ ðuaÞ2 oG
a
u
ouai
ð45ÞEquivalently:ga1ð‘aÞ ¼
‘a1ﬃﬃﬃ
2
p
pmk0Ra
ga2ð‘aÞ ¼
ð1þ m2Þ‘a2 þ ð1 m2Þ‘a2 cosð2haÞ þ ð1 m2Þ‘a3 sinð2haÞ
2
ﬃﬃﬃ
2
p
pmk0Ra
ga3ð‘aÞ ¼
ð1þ m2Þ‘a3  ð1 m2Þ‘a3 cosð2haÞ þ ð1 m2Þ‘a2 sinð2haÞ
2
ﬃﬃﬃ
2
p
pmk0Ra
ð46ÞwhereRa ¼ ð2ð‘a1Þ2 þ ð1þ m2Þ½ð‘a2Þ2 þ ð‘a3Þ2 þ ð1 m2Þ½ð‘a2Þ2 cosð2haÞ  ð‘a3Þ2 cosð2haÞ þ 2‘a2‘a3 sinð2haÞÞ3=2 ð47Þ
The interaction tensor can be expressed now asP aij ¼
o
ozaj
Z
R
f a
ga
gai ð‘aÞdx ¼
Z
R
of a
ozaj
gai ð‘aÞ
ga
dx ð48Þwhere fa, ga and of a=ozaj are deduced by replacing the global coordinates zj and ‘j with the local coordinates z
a
j
and ‘aj in relations (24)–(30). The solid angle dx and the unit vector ‘
a are written in spherical coordinate un-
der the same form introduced in relation (30):‘a1 ¼ sinw cos f; ‘a2 ¼ sinw sin f; ‘a3 ¼ cosw ð49ÞThe Pa tensor (dependent of the ha angle) reads now:P aijðhaÞ ¼
Z p
w¼0
Z 2p
f¼0
paijðha;w; fÞ sinðwÞdwdf ð50ÞThe paijðha;w; fÞ components are easily deduced from relations (48), by taking in account (24) and (30) (written
in terms of zaj and ‘
a
j ), and (49). It can be further shown that some components of the interaction tensor are nil:P a12 ¼ P a21 ¼ P a13 ¼ P a31 ¼ 0 ð51Þ
and the Pa tensor in the local frame can be written under the following form:P aijðhaÞ ¼ P a11ðhaÞea1  ea1 þ P a22ðhaÞea2  ea2 þ P a33ðhaÞea3  ea3 þ P a23ðhaÞðea2  ea3 þ ea3  ea2Þ
For a given value of the ha angle, one can numerically integrate the Hill tensor P
a by using the Gauss–Legen-
dre quadrature:P aijðhaÞ ¼
XNGw
k¼1
XNGf
l¼1
wGwk w
Gf
l p
a
ijðha;wGk ; fGl Þ sinðwGk Þ ð52ÞwGwk , w
G
k , w
Gf
l , f
G
l denote the Gauss–Legendre weights and coordinates corresponding to the N
G
w and N
G
f points
which are comprised respectively in the intervals [0,p](w) and [0,2p](f). The calculations presented in this pa-
per have been performed by using Mathematica software and the corresponding package Numerical-
Math‘GaussianQuadrature’ for the numerical integration. It may also be noticed that the NIntegrate
Mathematica function provides excellent results for such numerical integrates.
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At the present are discussed and investigated some numerical aspects concerning the adopted Gaussian
integration procedure. A subdivision of intervals [0,p] and [0,2p] respectively in Nf and Nw subintervals
(in all cases Nw = 2Nf) and Gaussian quadrature with 5 integrations points in each subinterval were adopted.
The obtained results are presented in Appendix B (Tables B.1–B.3) for ha = p/5 and e = 0.1,0.03,0.01.
The numerical tests for the Gaussian integration are performed with a number of Nf = 10,20,40,80 subinter-
vals for the f angle (total Gaussian integration points for f angle: NGf ¼ 5N f). Note that the accuracy of the
Gaussian integration rule depend on the aspect ratio and on the orientation (a angle) of the oblate ellipsoid. It
can be also noticed that the convergence of results is faster with higher aspect ratio e = 0.1 and lower with
e = 0.01. In all cases, accurate results are obtained using a minimal number of Nf = 40 subintervals in the
numerical integration. Note also that NGf ¼ 100 and NGw ¼ 200 will be used in the paper for the further
applications.5. Isotropic and random distributions of ellipsoı¨dal inclusions in a transversely isotropic matrix
5.1. Randomly oriented distribution of ellipsoı¨dal inclusions
With the help of the above presented results we proceed now to the estimation of the overall thermal con-
ductivity tensor for a multiphase material composed of solid mineral constituents and a porous space partially
saturated with air and water. This means that insulation eﬀects can appear due to the very low thermal con-
ductivity of the gaseous phase, especially for a conﬁguration where the pore systems are aligned; a thermal
barrier is created in this way, it can completely block the propagation of the heat ﬂux through the material.
Use will be made in the proposed formalism of the solution of the single-inhomogeneity problem and of the
previous obtained results for the interaction tensor of an arbitrary oriented inclusion. One considers a second-
order tensor D, of components Daij and Dij respectively in e
a
i and ei base vectors, attached to an isolated inho-
mogeneity a:Dij ¼ QaikQajlDakl ð53ÞA randomly oriented distribution of inhomogeneities can be accounted by performing the following integra-
tion on the unit sphere:D ¼ 1
4p
Z 2p
ua¼0
Z p
ha¼0
Damne
a
m  ean sin ha dha du ð54ÞIn the global base vectors ei, by taking in account relations (53),D ¼ Dijei  ej
Dij ¼ 1
4p
Z 2p
ua¼0
Z p
ha¼0
DamnQ
a
miQ
a
nj sin ha dha dua
ð55ÞApplying the relations (53)–(55) to the second-order interaction tensor P:P ij ¼ QaikQajlP akl
P ¼ P ijei  ej
P ij ¼ 1
4p
Z 2p
ua¼0
Z p
ha¼0
P amnQ
a
miQ
a
nj sin ha dha dua
ð56ÞBy using Eqs. (52) and (36)–(39), the previous relation (56) furnishes the following non-zero components of
the interaction tensor in the global frame:
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P 12ðha;uaÞ ¼ cosðuaÞ sinðuaÞðP a22 cos2ðhaÞ þ P a33 sin2ðhaÞ  P a11 þ P a23 sinð2haÞÞ
P 13ðha;uaÞ ¼
ð2P a23 cosð2haÞ þ ðP a33  P a22Þ sinð2haÞÞ sinðuaÞ
2
P 22ðha;uaÞ ¼ ðP a22 cos2ðhaÞ þ P a33 sin2ðhaÞ þ P a23 sinð2haÞÞ cos2ðuaÞ þ P a11 sin2ðuaÞ
P 23ðha;uaÞ ¼
ð2P a23 cosð2haÞ þ ðP a33  P a22Þ sinð2haÞÞ cosðuaÞ
2
P 33ðha;uaÞ ¼ P a33 cos2ðhaÞ  2P a23 sinðhaÞ cosðhaÞ þ P a22 sin2ðhaÞ
ð57ÞIn this paper, the Gaussian rule described in the previous section is performed to evaluate numerically the inte-
gral in relations (56). In the general case of a material with r  1 diﬀerent phases consisting all of ellipsoı¨dal
inhomogeneities randomly distributed in a transversely isotropic argillaceous matrix, the Mori–Tanaka
scheme is expressed askMT ¼ km þ
Xr
i¼2
uiðki  kmÞ  A0i
 !
 dþ
Xr
i¼2
uiðA0i  dÞ
" #1
ð58Þwhere km denotes the transversely isotropic thermal conductivity tensor of the matrix (17). By considering iso-
tropic inhomogeneities, the ki = kid components do not depend on the orientation of the inhomogeneity so the
second-order average concentration tensor A0i (expression (9)) can be expressed asðki  kmÞ  A0i ¼ ðki  kmÞ  A0i ; A0i ¼ dþ Pmi  ðki  kmÞ
 1 ð59Þwith½dþ Pmi  ðki  kmÞkl ¼ dkl þ QakrQaonP ðmÞaðiÞrnðkidol  kmolÞ
km11 ¼ km22 ¼ m2k0; km33 ¼ k0; A0i ¼ A0ðiÞklek  el
A0ðiÞkl ¼
1
4p
Z 2p
ua¼0
Z p
ha¼0
A0ðiÞklðha;uaÞ sin ha dha dua
ð60ÞIt may be noticed that the diﬀerence between the average relations in (60) and (56) is due to the fact that A0ðiÞkl
components are expressed in the global coordinates zi whereas the P
a
mn components in (56) are expressed in the
local frame (coordinates zai ). Note also that the average components A
0
ðiÞkl depend on the aspect ratio of the
inhomogeneities (i), on the thermal conductivity tensors of the matrix km (relations (17)–(60), and then the
parameters m and k0) respectively of the inclusion ki and on the components of the interaction tensor P
m
i ex-
pressed in the global frame (see relation (60)).5.2. Oriented distribution of ellipsoı¨dal inclusions
An oriented, or anisotropic, distribution of ellipsoı¨dal inclusions in a transversely isotropic matrix can be
accounted by introducing an Orientation Distribution Function (ODF, denoted W) which allows to consider
the anisotropy due to the pores systems. The contributions of all the families of pores and/or mineral constit-
uents to the overall thermal conductivity are accounted by integration over the unit sphere:1
4p
Z 2p
ua¼0
Z p
ha¼0
W ðha;uaÞ sin ha dha dua ¼ 1 ð61Þ
Inclusions
(quartz - calcite ...)
ϕ
ϕl
g
step 2 
Porous clay
    matrix
step 1
Fig. 1. The RVE considered for the two-step homogenization.
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axis of the local frame (of the pore) and the z3 axis of the global frame of the material, the ODF depends on
the ha angle only and the relation (61) becomes:Z p
ha¼0
W ðhaÞ sin ha dha ¼ 2
Z p=2
ha¼0
W ðhaÞ sin ha dha ¼ 2 ð62ÞThe following function (see Sayers, 1994, Johansen et al., 2003 and Ulm et al., 2005):W ðhaÞ ¼ r coshðr cosðhaÞÞ
sinhðrÞ ð63Þis chosen, it veriﬁes the conditions (62). r is the parameter accounting for the degree of the preferred alignment
(see Figs. 2 and 3). In the case of an oriented distribution of inclusions, the relations (56)–(60) have to be re-
placed byP ij ¼ 1
4p
Z 2p
ua¼0
Z p
ha¼0
W ðhaÞP amnQamiQanj sin ha dha dua
A0ðiÞkl ¼
1
4p
Z 2p
ua¼0
Z p
ha¼0
W ðhaÞA0ðiÞklðha;uaÞ sin ha dha dua
ð64Þ0.5 1 1.5 2 2.5 3
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Fig. 2. Orientation Distribution Function: 0 6 r 6 2.
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Fig. 3. Orientation Distribution Function: 0 6 r 6 10.
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In the present section a two-step homogenization technique is developed to estimate the eﬀective thermal
conductivity of rock-like composites or shales which are composed from solid constituents and a partially sat-
urated porous space (ﬁlled with gas and liquid). The latter phases are assumed to have respectively insulating
and/or conductive properties, based on their physical properties (see Clauser and Huenges, 1995). To simplify
we also assume, as in the references Sayers (1994) and Ulm et al. (2005), that the pores have similar size and
shape (there is only one class of pores), approximated by ﬂat oblate spheroidal inclusions with low aspect
ratio. The homogenization is based on the Mori and Tanaka (1973) estimate, achieved itself with the help
of the exact solution of the single-inhomogeneity problem (for a dilute suspension of inclusions) by using rela-
tion (8) as the localization rule and by the direct addition of the contribution of each family of inhomogene-
ities. As for the matrix, it is assumed to be transversely isotropic. The homogenization is conducted in two
steps, allowing in this way the successive addition of porous inhomogeneities and solid constituents. In the
ﬁrst level of the homogenization we are equally introducing an Orientation Distribution Function (ODF)
which permits to consider the anisotropy due to the pores systems; the contribution of all families of pores
and/or minerals to the overall thermal conductivity is accounted by integration over the unit sphere. For a
more detailed presentation of the followed construction path for the dilute and Mori–Tanaka estimates,
the reader is invited to consult just as well the works of previously cited authors or our recent work Gruescu
et al. (2006). The two-step homogenization is developed by considering the RVE presented on Fig. 1 and by
using the following construction path:
Step 1: argillaceous matrix and partially saturated pores. In what follows, to simplify the presentation and
to focus on the pore eﬀects (since they control the transport and the mechanical properties of rocks),
we consider the RVE as composed from a solid matrix surrounding a porous space (index Xp)
decomposed itself in a liquid subdomain (index ‘) denoted by X‘ respectively a gaseous one (index
g) denoted Xg (see Dormieux and Kondo, 2005). The following relationships are stated in this
situation:up ¼ ug þ u‘; Xg ¼ ugX; X‘ ¼ u‘X; Xs ¼ ð1 ug  u‘ÞX; Xp ¼ Xg þ X‘ ¼ upX ð65Þ
The liquid saturation ratio Sr is deﬁned as
Sr ¼ X‘Xp ¼
u‘
u‘ þ ug
¼ u‘
up
ð66Þ
1 Th
2640 A. Giraud et al. / International Journal of Solids and Structures 44 (2007) 2627–2647The solid phase itself is composed by the argillaceous matrix (with the thermal conductivity tensor km
transversely isotropic) and spherical inclusions of quartz and calcite whose volume fractions are de-
noted respectively uca, uqu. It can be stated, in this case:
Xm ¼ ð1 uca  uquÞXs ð67Þ
and the volume fraction of the gaseous and liquid phase are respectively, for the ﬁrst homogenization
step, calculated by taking in account the volume fractions of the solid constituents:
uIj ¼
Xj
Xm þ Xp ¼
uj
1 uca  uqu
ðj ¼ g; ‘Þ ð68Þ
The general relation (58) takes now the form:
khomI ¼ km þ uIgðkg  kmÞ  A0g þ uI‘ðk‘  kmÞ  A0‘
h i
 ð1 uIg  uI‘Þdþ uIgA0g þ uI‘A0‘
h i1
ð69Þ
where we recall that A0i (i = g, ‘) are calculated by making use of relations (56), (60) and (64) respec-
tively for the isotropic and randomly oriented spatial distributions of inclusions.Step 2: porous matrix and spherical inclusions of quartz and calcite. The output of the ﬁrst homogenization
step (relation (69)), the eﬀective conductivity of the partially saturated porous argillaceous matrix
denoted khomI , is used as input data for the second homogenization step:e FrkhomII ¼ khomI þ uquðkqu  khomI Þ  Aspqu þ ucaðkca  khomI Þ  Aspca
h i
 ð1 uqu  ucaÞdþ uquAspqu þ ucaAspca
h i1
ð70Þ
It should also be stated here that, besides the analytical relations (56), (60), (64) the terms Aspi (i = qu,
ca, sp index for spherical pores) are calculated using the expressions (32, 33), obtained for spherical
inclusions in a transversely isotropic matrix. The parameters denoted m and k0 in the previously cited
relations (32) and (33), which are characterizing the solid matrix, are also expressed using khomI , the
homogenized argillaceous matrix in the ﬁrst step: m2 ¼ khomI11 =khomI33 and k0 ¼ khomI33 .7. Application to shales
In this section the predictive capacities of the two-step approach above introduced are tested form a qual-
itative and quantitative point of view by applying the proposed procedure to the evaluation of the thermal
conductivity of two shales. Such materials are considered as possible natural barriers in geotechnical applica-
tions like the underground storage of nuclear wastes, because they exhibit very good geological and physical
properties (a lower permeability, absence of macroscopical cracks and high mechanical strength). Of course,
such applications are supposing ﬁrst of all very complete and detailed experimental studies, for a good knowl-
edge and understanding of their behavior and macroscopic properties. The present applications are compared
with experimental results obtained in the particular context of feasibility studies of underground storage of
wastes coordinated by ANDRA.1 The studied materials are an argillite and an opalinus clay coming respec-
tively from the Meuse/Haute-Marne Eastern Paris (France) and Mont Terri (Swiss) sedimentary basins.
7.1. Numerical simulations and experimental investigations
Sedimentary rocks are generally composed from mixtures of minerals and voids ﬁlled with water. The solid
minerals class is principally composed of a quaternary mixture: tectosilicates (quartz, feldspars), carbonates
(calcite and dolomite), swelling interstratiﬁed clay minerals (illite-smectite) and non-swelling minerals (mica,
chlorite, kaolinite). Important percentages of quartz and calcite grains scattered in a ﬁne matrix of clay min-ench Agency for the Management of Radioactive Wastes.
A. Giraud et al. / International Journal of Solids and Structures 44 (2007) 2627–2647 2641erals stratiﬁed sheets (illite-smectite) are experimentally detected; note also that important variations of the
mineralogical composition are observed, function of the considered depth. As for the measured water content
of the samples, it can be ranged between 5% and 9%; note in this context the perfect agreement with the min-
eralogical measures, providing a very important percentage of calcite. It can be then concluded that the water
content of the specimens is week for the strongly carbonated cores. Note also the very low intrinsic permeabil-
ity (1020  1022 m2) of the studied argillite (Homand et al., 2004) which is partially due to a very small
average pore diameter (’0.02 lm). The insulation eﬀects are systematically promoted by the small size parti-
cles, since for a ﬁxed volume fraction of particles in a host matrix the smaller the particle size is, the larger
becomes the contact surface between the matrix and inhomogeneities. As input data in the numerical compu-
tation of the two-step homogenization we will use experimentally determined parameters (see Clauser and
Huenges, 1995 and Vasseur et al., 1995) as follows: the thermal conductivity of the argillaceous matrix is
kclay  1.8 W K1 m1; respectively, for the gas and liquid phase k‘ = 0.5984 W K1 m1 and kg =
0.0255 W K1 m1. The volume fraction of the pores and the saturation degree of the samples are respectively
deﬁned:Table
Minera
Sampl
1
2
3
4
5
6
Table
Identiﬁ
n for p
Sampl
1
2
3
4
5
6up ¼ ug þ ul  0:1–0:15 ð71ÞThe very low values of mineral compounds such the dolomite, pyrite, feldspars (which are lower than 5% of
the total volume) as well as the very important percentage of calcite and quartz minerals (which are ranging
between 30% and 60% of the samples volume) justify the consideration of the latter constituents in the eval-
uation of the overall conductivity. The shape of the minerals in the clay matrix is supposed to be spherical
(similar assumptions are done by Ulm et al., 2005) and their respective thermal conductivities are
7.7 W K1 m1 for quartz and 3.3 W K1 m1 for calcite (according to Clauser and Huenges, 1995). The pur-
pose of the present section is to furnish a detailed analysis of the eﬀect of the porous phase respectively of the
mineralogical composition on the overall behavior of the considered rocks. Several samples coming respec-
tively from the two sedimentary basins previously cited are considered for this purpose: samples 1 and 2 were
cored in the Meuse/Haute Marne basin (see Homand, 1998) and the other samples come from Mont Terri
(Jobmann and Buntebarth, 2006); the measurements performed on these samples are used for comparison
with the numerical simulations. The main experimental and numerical results in this sense are presented in
Tables 1 and 2. A ﬁrst observation with regard to the experimental data and performed simulations (Figs.
4–11) is the general dependency of the eﬀective thermal conductivity of the argillaceous matrix with the min-1
logical composition and porosities [%] of the tested samples
e SiO2 CaCO3 Argillaceous matrix Porosity [%]
33. 18.5 35.1 13.4
29. 27.9 31.8 11.3
20. 10 55 15.0
20. 10 55 15.0
20. 10 55 15.0
20. 10 55 15.0
2
ed thermal conductivities of the argillaceous matrix k[W m1 K1] and the standard deviation parameter r of the ODF (index t and
arallel respectively perpendicular directions with respect to stratiﬁcation)
e kexpt k
exp
n k
calc
t k
calc
n k
clay
33 m
2 khom11ðIÞ k
hom
33ðIÞ Sr r
2.3 1.85 2.29 1.86 1.1 1.37 1.18 0.78 90 6
2.08 1.52 2.04 1.49 0.55 1.96 0.93 0.47 90 17
1.6 – 1.7 1.08 0.7 2.05 1.16 0.59 90 7
1.72 – 1.72 1.08 0.7 2.05 1.17 0.58 90 9
1.7 – 1.69 1.09 0.7 2.05 1.14 0.59 90 5.5
1.68 – 1.64 0.93 0.7 2.05 1.11 0.48 75 11
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Fig. 5. Sample 1 (Meuse/Haute-Marne), 90 to stratiﬁcation.
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Fig. 4. Sample 1 (Meuse/Haute-Marne), parallel direction to stratiﬁcation.
2642 A. Giraud et al. / International Journal of Solids and Structures 44 (2007) 2627–2647eralogic composition of the material, with the geometry and the shape of inhomogeneities and ﬁnally with the
saturation degree of the porous space. The highest desaturation/resaturation eﬀects are highlighted by very
small values of the ratio aspect of inhomogeneities (e = 0.03, for the performed simulations). It results an in-
verse proportionally relationship between the insulation eﬀects and the saturation degree of water ﬁlled pores
for the observed samples. Note that the insulation eﬀects are stronger if aligned systems of ﬂatted inhomoge-
neities are considered, the presence of aligned pores creates in fact a thermal barrier which stops the propa-
gation of the heat ﬂux. An important role is played here by the moderate level of porosity; it can be concluded
that the thermal conductivity of the argillaceous matrix is related to this parameter. As suggested by Clauser
and Huenges (1995), the eﬀect of partial saturation is diﬀerent for porous and fractured rocks; the consider-
ation of weak ratio aspect for the pores in the model shows a similar tendency for the eﬀective behavior similar
to the one of cracked materials with an isotropic distribution of insulating cracks. Also, the adopted value of
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Fig. 9. Sample 4 (Mont Terri).
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Fig. 7. Sample 2 (Meuse/Haute-Marne), 90 to stratiﬁcation.
Sr [%]
λ 
[W
*
(m
.K
)-1
]
0 20 40 60 80 100
0.6
0.8
1
1.2
1.4
1.6
1.8
2
λ 33
11λ
λ
exp
11
Fig. 8. Sample 3 (Mont Terri).
A. Giraud et al. / International Journal of Solids and Structures 44 (2007) 2627–2647 26430.03 for the ratio aspect of pores is in perfect agreement with the works of Jakobsen and Johansen (2005),
which also permits to validate our choice. As for the illustration of the mineralogic composition eﬀects, it
can be stated that the incorporation of mineralogic constituents in the second step of homogenization in-
creases the thermal conductivity of the matrix (compare columns kcalct , k
calc
n and k
hom
11ðIÞ, k
hom
33ðIÞ, obtained for dif-
ferent saturation levels Sr, in Table 2. The higher values of the argillaceous clays (with respect to the mean
measured values of this constituent) are due to the presence in the material of very small grains of minerals
that are impossible to account experimentally (very small diameters); in fact the presence of these constituents
considerably increases the thermal conductivity of the matrix. The macroscopic or eﬀective anisotropic degree
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shape (and then isotropic distribution). In the presented numerical study we have to solve an inverse problem:
the volume fraction of pores and minerals, their shape and thermal conductivity as well as the anisotropic de-
gree are known, and we must determine the thermal conductivity of the argillaceous matrix and the anisotropy
of the orientation distribution of the pores space (ODF). For a given macroscopic anisotropic degree, the
higher the volume fraction of mineral constituents (quartz, calcite), the higher the anisotropic degree of the
argillaceous matrix thermal conductivity and pore orientation distribution (see, for example, the sample 2 with
r = 17). An other interesting point is represented hare by the very good capture of the transverse isotropy due
to the preferential orientations of the pores systems, with the help of the previously presented ODF. A correct
evolution tendency with respect to the experimental data is generally observed, which illustrates the good pre-
dictive capacities of the proposed procedure.8. Conclusions
In the present work, estimates were obtained for the eﬀective thermal conductivity tensor of an anisotropic
material containing arbitrary oriented inhomogeneities. The proposed method makes use of homogenization
methods that are developed in two successive steps, allowing to consider mineralogical and morphological
related parameters for the evaluation of the overall thermal conductivity. The main diﬃculty when considering
an arbitrary orientation of inclusions comes from the textural anisotropy of the material, which makes diﬃcult
to evaluate the concentration respectively the interaction tensor of the inhomogeneities. The adopted numer-
ical procedure for the evaluation of Green functions allowed to obtain the desired solution. The limiting case
of an ellipsoı¨dal inhomogeneity aligned with the global frame of the material and the consideration of the ana-
A. Giraud et al. / International Journal of Solids and Structures 44 (2007) 2627–2647 2645lytical solution of penny shaped inhomogeneity for the thermal problem allowed to validate the proposed pro-
cedure. Two numerical applications were performed on an opalinus clay and an argillite; the good qualitative
and quantitative reproduction of experimental data illustrate the good predictive capacities of the proposed
approach. The emphasis was systematically put on the illustration of the textural anisotropy and pore systems
eﬀect on the overall thermal conductivity. It was shown that this property is strongly related to the microstruc-
tural state of the considered media. The spherical mineral compounds, the geometry and the orientation of
ﬂatted pores, as well as the saturation degree of the ﬂuid phase are the main parameters to be considered
in this context. Concerning the pores geometry it can be stated that, the lower the ratio aspect of the inclusion
is, the higher the eﬀects of saturation–desaturation are. The fact that the interaction tensor (and implicitly the
thermal conductivity tensor) is dependent of the angles h and u describing the inclusion’s orientation with
respect to the symmetry axis of the matrix indicates the important role played on the overall thermal conduc-
tivity by this parameter. The obtained results were validated by comparison with experimental data; this shows
the good predictive capacities of the proposed procedure and the utility of the proposed evaluation method for
the interaction tensor via the Green functions.Appendix A
Detail on analytical integration for ellipsoı¨dal inclusion with symmetry axis z3
The analytical integration over the angle f 2 [0, 2p] implies P12 = P13 = P23 = P21 = P23 = P13 = 0; the
non-zero components of the interaction tensor are:P 11 ¼ P 22 ¼
Z p
0
ﬃﬃﬃ
2
p
e2 sin3 w
mk0½1þ e2 þ ð1 e2Þ cosð2wÞ½1þ m2 þ ðm2  1Þ cosð2wÞ3=2
dw
P 33 ¼
Z p
0
ﬃﬃﬃ
2
p
m cos2 w sinw
k0½1þ e2 þ ð1 e2Þ cosð2wÞ½1þ m2 þ ðm2  1Þ cosð2wÞ3=2
dw
ðA:1ÞUsing the substitutions tanw = m tan1 and x = cot1, it follows:P 11 ¼ P 22 ¼
Z 1
0
e2ð1 x2Þ
2k0½e2m2  ðe2m2  1Þx2 dx
P 33 ¼
Z 1
0
x2
k0½e2m2  ðe2m2  1Þx2 dx
ðA:2Þwhich gives the following analytical solutions:P 11 ¼ P 22 ¼
2et
ﬃﬃﬃ
u
p þ ln 1þ 2t2  2t ﬃﬃﬃupð Þ
4mk0m2ðuÞ3=2
if t > 1
e2
3k0m2
if t ¼ 1
e arctan
ﬃﬃ
v
p
=tð Þ  t ﬃﬃvp
2mk0m2ðvÞ3=2
if t < 1
8>>>><
>>>>>:
ðA:3Þ
P 33 ¼
2 ﬃﬃﬃup þ t ln 1þ 2t2 þ 2t ﬃﬃﬃupð Þ
2k0ðuÞ3=2
if t > 1
1
3k0
if t ¼ 1
ﬃﬃ
v
p  t arctan
ﬃﬃ
v
p
t
 
k0ðvÞ3=2
if t < 1
8>>>>><
>>>>>:
ðA:4Þ
2646 A. Giraud et al. / International Journal of Solids and Structures 44 (2007) 2627–2647The notations u = t2  1; v = 1  t2 and t = e2m2 were adopted here to simplify the writing. By introducing
now the above expressions in relation (11) we obtain the depolarization tensor S in the same form obtained
by Carslaw and Jaeger (1959) (see also Torquato, 2002) by directly performing elliptic integrals:Table
Comp
NGf
10
20
40
80
160
Table
Comp
NGf
10
20
40
80
160
Table
Comp
Nw = 2
NGf
10
20
40
80
160S ¼ Qðe1  e1 þ e2  e2Þ þ ð1 2QÞe3  e3 ðA:5Þand the term Q reads respectivelyQ ¼
1
2
1þ 1u 1 arctanð
ﬃﬃ
v
p ÞðvÞ1=2
h in o
if t < 1
1
3
if t ¼ 1
1
2
1þ 1u 1 ln tþ
ﬃﬃ
u
p
t ﬃﬃup 2ðuÞ1=2h in o if t > 1
8>>><
>>>:
ðA:6ÞAppendix B
Numerical tests of the Gaussian integration
See Tables B.1–B.3.B.2
onents of the interaction tensor in local coordinates, ha = p/5, e = 0.03, m ¼
ﬃﬃﬃ
2
p
, k0 = 1, Nw = 2Nf
P a11 P
a
22 P
a
33 P
a
23 P
a
32
0.014663 0.015838 0.705753 0.00537897 0.00537897
0.014220 0.015361 0.70688 0.00520972 0.00520972
0.014232 0.015374 0.706849 0.00521433 0.00521433
0.014233 0.015375 0.706846 0.00521477 0.00521477
0.014233 0.015375 0.706846 0.00521477 0.00521477
B.3
onents of the interaction tensor in local coordinates, ha = p/5, e = 0.01, m ¼
ﬃﬃﬃ
2
p
, k0 = 1, Nw = 2Nf
P a11 P
a
22 P
a
33 P
a
23 P
a
32
0.00434164 0.0046813 0.732164 0.00162881 0.00162881
0.00510554 0.00550395 0.730223 0.00191965 0.00191965
0.00493638 0.00532178 0.730653 0.00185525 0.00185525
0.00488017 0.00526125 0.730795 0.00183385 0.00183385
0.00488017 0.00526125 0.730795 0.00183385 0.00183385
B.1
onents of the interaction tensor in local coordinates (test of accuracy of Gaussian quadrature), ha = p/5, e = 0.1, m ¼
ﬃﬃﬃ
2
p
, k0 = 1,
Nf
P a11 P
a
22 P
a
33 P
a
23 P
a
32
0.043029 0.046749 0.632002 0.0144664 0.0144664
0.0430476 0.046769 0.631955 0.0144738 0.0144738
0.0430473 0.0467687 0.631956 0.0144736 0.0144736
0.0430473 0.0467687 0.631956 0.0144736 0.0144736
0.0430473 0.0467687 0.631956 0.0144736 0.0144736
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